SPACE-TIME CONTINUA
OF PERFECT FLUIDS IN GENERAL RELATIVITY*

BY

LUTHER PFAHLER EISENHART

When the expressions proposed by Einstein for the components of the
energy-momentum tensor of matter in the state of a perfect fluid are sub-
stituted in the field equations of general relativity, these equations impose
conditions to be satisfied by the space-time continuum of a perfect fluid.
It is the purpose of this paper to give a geometrical characterization of these
continua; to determine the conditions that the world-lines of flow be geo-
desics; to show that there is a geometry of paths for the space of a perfect
fluid for which the world-lines of flow and of light are paths and that it
is possible to find a space in correspondence with the given space such that
the world-lines of flow and of light of the latter are represented by geo-
desics of the former; to indicate the significance of the cosmological solutions
of Einstein and de Sitter in the general theory; and to determine the radially
symmetric continua of a static fluid for which the spaces have constant
Riemannian curvature.

1. Einstein space of a perfect fluid. Consider a four-dimensional
Riemann space with the fundamental quadratic form

1.1) st = ggdai da) (G,j =1,2,3,4)

which is the space-time continuum of matter. We adopt Einstein’s hypothesis
that at each point of space (1.1) is reducible to the form

(1.2) ds? = — (dXY— (dX?’— (dX®’ 4+ (dX*),

where the dX* are linear transforms of the da? with real coefficients.
Adopting the terminology of algebra, we say that at each point the signature
of (1.2) is —2, and thus we say that the signature of (1.1) is —2. As
a consequence we have that the determinant of the g;’s is negative, that is

(1.3) 9 = lgul<0.

* Presented to the Society under a different title, October 27, 1923.
205 15*
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The field equations of relativity are

1
(1.4) Bij—5 9B = —kTy,

where & is a constant, 7% is the energy-momentum tensor, Ej is the con-
tracted Riemann tensor formed with respect to (1.1) and

(1.5) R = R = gV Ry,
gY being the cofactor of g; in g divided by g.
If we put
) dzt .
(1.6) w= s W= gy,

the components of 7% for a perfect fluid, as suggested by Einstein, are
a.n Ty = owi uj— pgy.

As defined, the u’ are the contravariant components of the tangent to the
world-lines of flow of the fluid. The scalar p is the hydrostatic pressure,
and o — p is the density of matter or energy per unit volume.

2. Ricci’s principal directions. If g, is any root of the determinant
equation

2.1) | By+eg4l = 0,
the functions 4; defined by
(2.2) (Rj+ongy)dh = 0

are the contravariant components of a Ricci* principal direction of the
space. For any Riemann space of » dimensions, when the roots of (2.1)
are simple, n principal directions are uniquely determined by (2.2), and
any two of these directions at a point are orthogonal. If a root of (2.1)
is multiple, say of order r, and the elementary divisors are simple, the
directions corresponding to this root are linearly expressible in terms of »
mutually orthogonal directions, which are orthogonal also to the directions
corresponding to any other root. Hence when all the elementary divisors

* Atti del Reale Istituto Veneto, vol. 63 (1904), pp. 1233-39; also, Eisenhart,
Proceedings of the National Academy of Sciences, vol. 8 (1922), p. 24.
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are simple, an orthogonal n-uple of principal directions can be found, their
contravariant components being denoted by 4(k,i=1,...,7n), where &
indicates the direction. Equation (2.2) may be replaced by

1,...,n
(2.3) i = — g Qh Zh',‘ lh'j,
where
(2.9 Ini = gy M.

3. Geometric characterization of the spaces of a perfect fluid.
When we substitute in (2.2) the expression for Ry from (1.4) and (1.7),
we obtain

1 )
3.1) [kauiuj—gij (g;.+—2—R+kp)] i = 0.
If we take '
(3.2) A=,

and make use of (1.6) and

(3.3) giwiul = vy, =1,
which follows from (1.1) and (1.6), we obtain
1 .
[k(o'—p)—;R—el]uj=0 G=1,...,4).

Hence we have

34 o= k(v—p)—%R.*

If 7} are the contravariant components of any vector orthogonal to uf,
that is
(3.5) giw i = wl =0,
then (2.1) and (2.2) are satisfied by
1
(3.6) Qh=—"(§'R+kp).

*For this value of p equation (2.1) reduces to |u,u;— g;| = 0, which can readily be
shown to be a consequence of (1.6).
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Since every vector orthogonal to u¢ satisfies this condition, it follows that
on is a triple root of (2.1) and the elementary divisors are simple. Hence
we have the theorem:

In the four-dimensional space-time continuum of a perfect fluid in general
relativity, ome of the roots of (2.1) is simple and there is a triple root with
simple elementary divisors; the world-line of flow is the principal direction
determined by the simple root.

Consider, conversely, a Riemann space of four dimensions for which at
each point the linear element is reducible to (1.2) by a real transformation
of the form

3.7 dXi = aj dx’ (4, =1,...,4).
Then the quantities aj must be such that at each point
(dX4' —ds* = (af at—g;)) da’ dal

is of rank 3 and signature 3. Suppose further that (2.1) admits a simple
root ¢ and a triple root ¢” with simple elementary divisors. If 4i are
the components of the vector determined by ¢ and g; 4i 4 >0, then
W= A / ng. 4. 2] are real and satisfy (3.3). In order that u‘ be the com-
ponents of a velocity vector, it must be possible to obtain a transformation (3.7)

at each point such that in the direction of the vector dX*F 0, dX*=0
(¢ = 1,2,3). Hence the quantities a;l must satisfy also the conditions

wat+ 0, waf=0 (¢ = 1,2, 3).

Assuming that these conditions are satisfied, we have from equation (2.3)

2,8,4

Ry = —¢uiu—e" g'zh,i An,j

— "___ .t sy — %421
= (o 9)“’!1’0 0 u'tu{)+h h,i Ah,j
= (¢"— @) 1 uj— 0"gy.

From this it follows that

3.8 R = R = —(¢'+3¢"),
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and consequently
(3.9) R;— %g«;; B = (¢"—¢)wiuj+ %(9'4' e")gy.
Comparing this with (1.4) and (1.7), we have
(3.10) o=~ p=orle+e".
k 2k

Hence we have the following theorem:

A necessary and sufficient condition that a Riemann space of four dimen-
sioms be the space-time continuum of a perfect fluid is that (i) at each point (1.1)
is reducible to (1.2) by a real linear transformation of the differentials;
(ii) the determinant equation (2.1) admits a simple root and a triple root with
simple elementary divisors; (iii) the components uw® of the direction determined
by the simple root and (3.3) are real and are the components of a velocity
vector.

4. World-lines of flow. Einstein chose the left-hand member of
equation (1.4) so that the equation should be consistent with the vanishing
of the divergence of T'¥, that is

@.1) Té; = 0,

where T%, is a component of the covariant derivative of 7¥. From (1.7)
we have

4.2) TV = ouw'w —pg¥,
hence (4.1) gives
op

4.3) (Uui)iuj—{-cui uji Ty gii = 0.
From (3.3) it follows that
4.4) u; w, = 0.

Multiplying (4.3) by w; and summing for j, we obtain

i 0P i
4.5) (ouy— 22 i = 0.

Then (4.3) reduces to

op
z’

4.6) ocw w; = (g¥—uu’) 5
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or in other form

w0 oG Hi o) — o

(iyj’k =1,2,3,4),

where { ka} are the Christoffel symbols of the second kind formed with

respect to (1.1).
5. When the lines of flow are the curves of parameter x*. The

congruence of world-lines of flow is defined by the equations

dx! dx? dxz*
(6.1) = ==
If fi(z',...,2*) = a*(i =1, 2, 3), where the a* are arbitrary constants,

are independent solutions of (5.1) and we change codrdinates in accordance
with the equations

(5.2) 7%= oz ..., 2% (¢ =1,2, 3),

in terms of the new coordinates the components of the world-lines of flow
are given by

1
5.3 w* =0 ( =12 3) u4 =
(5.3 « y 4y 9), qu: .

In terms of these codrdinates equation (4.5) becomes

0 e— 2 V—‘_.q_
(5.4) ax‘(d pH—“aw‘ log o =0,

and equations (4.6) reduce to

. 0
0‘{;“4}:944gw aﬁt (a=l, 2, 3),
(5.5)

4 0 — 4 0 0 ,
“(faat a0 Vo) =T =3k =230,

From (5.3) it follows that g,, must be positive in order that the third
condition of the theorem of § 3 be satisfied. Furthermore, in order that
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the curves of parameter * may be world-lines of flow, it is necessary that
at each point there exist a transformation

dX* = a* dxt (t=1,2,3,4),
(5.6)

dXf = afy da® (¢, 8=1,2,3),
by means of which (1.1) is transformed into (1.2). Substituting the

expressions (5.6) in (1.2) and identifying the result with (1.1), we have
that the first of (5.6) becomes

1
(5.7 dXt = V_g:g“ dot (:=1,2,3,4).
Then
1 «
(dX*P—ds® = 'g: (ga4 98s — Ju yaﬂ) dz” do? (e,8=1,2,3)

= Aaﬂdx“dm‘s

must be a positive definite form. A necessary and sufficient condition is
that the determinant |A4,s| be positive and that

Ape >0,  Aydpp—A4s>0 (e,8=1,2,3).

These are readily found to be equivalent to (1.3) and

e a Jus Gsa 94p
(5.8) o <0, Yia Jee9ap | >0 (a,8=1,2,3).
Ys0 Yoo
948 9ap 988

Since the direction of the line of flow is determined by (2.2) for the
simple root ¢’ of (2.1), the former becomes for the values (5.3)

(5.9) R4j+9,g4j =0 (7 =1, 273y4)'

In order that the elementary divisors corresponding to the triple root, o”,
be simple, it is necessary and sufficient that (2.2) for ¢” be satisfied by the
values (1,0, 0, 0), (0,1,0,0), (0,0, 1,0) for the covariant components 4;.
Hence if we write (2.2) in the form

(Bi+e"8) 4 =0,
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the conditions are
(5.10) Rj‘—{—g”&;‘ =0 («=1,2,3;5=1,2,3,4).

Combining these results we have the following theorem:

If the functions gi for a Riemann space of four dimensions satisfy the
conditions g =0, (1.3), (5.8), (5.9) and (5.10), where ¢’ and " are different
point functions, the space may be interpreted as the space-time continuum
of a perfect fluid, the curves of parameter x* being the world-lines of flow.

When g,, =0 for « =1, 2, 3, the inequalities (5.8) become the necessary
and sufficient condition that the form g,z da®daf for «,8=1,2,3 be
negative definite. Hence as a corollary we have

When the fundamental quadratic form s reducible to the form

(56.11) s = 944dx4+gapdwadw8 (e,8=1,2,3)
such that g, is positive and gog dx® da is negative definite and the conditions
(6.12) R, =0, R,= lgaﬂ, R,+ g, (¢, 8=1,2,3)
where A is a point function, are satisfied, the space may be interpreted as
the space-time continuum of a perfect fluid, the curves of parameter x* being
the world-lines of flow.

6. Geodesic lines of flow. From (4.7) it follows that a necessary and
sufficient condition that the lines of flow be geodesics is

.. . .. 0
(6.1) (g9 — i “’)a_ﬁi =0,

which condition is satisfied, in particular, when p is constant.
If the coordinates z* (e = 1, 2, 3) are chosen as in § 5, equations (6.1)
become

., 0
2o,

(6.2)

., 0P 1 ap
4 £
9" o O 0zt 0

(¢ =1,2,3;i = 1,2,3,4),

and from (5.5) we have

| _ _ 4\ __ @
63 |al=0 =123, [bf}_ TgVy
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If we denote by [4j, k] the Christoffel symbols of the first kind, then from
(6.3)

; 19
(44, 4] = gul g | = 3556

which is identically satisfied. Proceeding in like manner with [44, «], where
= 1,2, 3, we get

0 Jia ) o 0 l/_
7t (Va: - e

If we replace this by

. — 0 . — 0
(6.4) Jio — Vgu —a‘g—z ) Vy.u = '5% )

where the right-hand member of the first equation is not summed for e, it
follows from the second of these equations that the functions g are of the
form @ = @ (2 ..., 2*) + Fa(x, s, x3). If now we take ¢ for x%
the linear element assumes the form

(6.5) ds® = gop da® daf+ 2geq da® da'+ dx? (e, 8 =1,2,3)

and the functions ges are independent of x,.
We consider now the case when p is not constant and the linear element
is in the form (6.5). From the first three of equations (6.2) we have

7
_1';=;_,

0
(6.6) P dges (@ =1,2,3), o

ox”
and the last of (6.2) is satisfied whatever be 4. From (6.6) we have

oy _ o 0p
6.7) ol

Since g« 4is independent of x*, when we express the condition of integrability
of any one of the first three of (6.6) and the last, we obtain

Gy ) oA
(68) Bar 9
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From (6.7) and (6.8) it follows that 4 is a function of p, say 1/¢'(p), where
the prime indicates differentiation with respect to p. Then (6.6) become

0 0
(6.9) _3% = o4 (¢ = 1,2,3), ‘,:)4 =1,

and the linear element is reducible to

(6.10) ds* = ghpda®daf + (dY) (e, 8 = 1,2,3),

where 2! = ¢.

Conversely, when the linear element is in this form equations (6.1) are
satlsﬁed byut=1, u*= 0 (¢ = 1, 2, 3), provided that p is a function
of z/* alone. From (3. 10), (2.1) and (5 12) this means

'R“ 74
6.11) R, + = flz"),

ap

for each « and 8 taking values 1, 2, 3 and not summed. Consequently spaces
satisfying (6.11) and the conditions of the last theorem of § 5 with g, =1
are the only space-time continua of a perfect fluid for which the lines of
flow are geodesics other than the spaces for which p is constant.

7. The geometry of paths for a perfect fluid. Geodesic repre-
sentation. Equations (4.7) can be written

(1.1) dds"”,' 4 ,kdi id’”; —0 Gyjk=1,...,4),
where

. . 1 a . a A
09 (s )

where 6/ = 1 or 0 according as j and ¢ are the same or not.

Professor Veblen and I have based the geometry of a continuum upon
equations of the type (7.1), calling their integral curves the paths of the space,
and have called the geometry so defined a geometry of paths.* Thus (7.2)
defines the functions I')c of a geometry of paths for the space of a perfect
fluid, the world-lines of flow being paths.

* Cf. various papers in the Proceedings of the National Academy of Sciences,
vols. 8 and 9; also a paper by Veblen and Thomas in these Transactions, vol. 25 (1923);
and a paper by me in the Annals of Mathematics, ser. 2, vol. 24 (1923), No. 4.
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If ay is any symmetric covariant tensor of the second order, we have
shown that

3 ay; ..
(1.3) ¢m53%—wm—WM(mJJ=L“”®
are the components of a covariant tensor of the third order; they are generalized

covariant derivatives of a;;. Moreover, a necessary and sufficient condition
that a;dxida/ = const. be a first integral of (7.1) is that

(14) aijk+ ajri+ ary = 0.

From (7.2) and (7.3) we have

1
(1.5) gk = 3o (gzk Py +.91k —2gy awk)

Since these expressions satisfy (7.4), we have that gy da do/ = const. is
a first integral of (7.1). In particular when the constant is zero, we have
In the geometry of paths determined by the function (1.2), the world-lines
of light in a perfect fluid are paths.
If we put
(1.6) 9 = €7 94,

where @ is any point function, then

(1.7) g = 2 i,
Along any curve we have
(7.8) ds® = gy dxf da) = % dst
and (7.1) becomes "
d*xl dx* d

(7'9) d 2 + ‘){5 d.S‘ d a7 07
where

o s j 09 )
N

If{ k} denote the Christoffel symbols of the second kind formed with
respect to (7.8), we have

U LTS Sut S
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Hence from (7.2), (7.10) and (7.11) we have

9ﬂaxl)

1 op i1t 0p
+ 95 (05 + o5 — 2%91@).

i b il

(7.12)

If we make the customary assumption that o and p are functionally related,
then a point function ¢ is defined by

0 1 op
(1.13) 331— - — 5.357' (I=1,...,4)

When this function is used in (7.6), the equations (7.9) are those of the
geodesics of the space with the quadratic form (7.8), as follows from (7.12).
Thus we may say either that the paths, and in particular the world-lines
of flow, of the given space can be represented by the geodesics in the
Riemann space with the quadratic form (7.8), or that by changing the
gauge in the given space the paths are geodesics of the space. As a con-
sequence of this result, (6.5), and (7.6) we have the theorem

When the curves of parameter x* are the world-lines of flow of a perfect
Sluid, the fundamental quadratic form is reducible to

(T1.14)  ds® = ¢ 2 (da* + gyo dat daw + gop da® daf)  («, =1, 2, 3),

where g,, are independent of x*, and ¢ is given by (7.13).
Thus in particular for a fluid of constant density, that is, 0 =p -+ a,
when the curves of parameter z* are the lines of flow, we have gy, = ¢/(p+ a)?,

where a and c¢ are constants.
8. The Einstein and de Sitter cosmological solutions. Consider

a space whose linear element is of the form
(8.1) d? = — et dr — 12 (d6%+ sin®0 dg?) + ¢ dE?,

where 4 and » are real functions of » alone; such a space is radially
symmetric and static, since ¢ is the codrdinate of time.
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In this case we have*
Rn == —;‘ v —

Ry = &4 [1-—|— —r(y — ).')] —1,

(8:2) Rys = Ry, sin*o,
___v-—li"_lrl L12 _’_’i)
R44— e (23’ 4}-V+4V+lr,
R =0 (G F5.
The roots of (2.1) are
(8.3) o= Rue?,  @=—¢"Ry
and
. 1 1 _ 1 _

(8.4) ¢" =5 B = (e 1)+ 5-e (/= 1),

¢” being a double root. Since one of the roots must be a triple root, we
must have either g, = ¢” or g, = ¢”. If the latter condition were satisfied,
then ¢, = ¢/, and since Ri+ 0,94 F 0 (¢« = 2, 3,4), we must have u*=0
(¢ =2, 3,4) which is inconsistent with (5.3). Accordingly we must have
(8.5) a=2¢, eu==¢.
From (8.2), (8.3) and (8.4) the first of (8.5) gives

l”___lll l;z_i ’ ’ i A__ .
(8.6) 5 Y 4lv+4v 27‘(l+v)+r,(e 1) = 0.

We inquire under what conditions

9’= a’ 9”= b (a:':b))

where a and b are constants. From (8.4) we have
._A '3 1 2 _l
8.7 e (v—l)=2rb+7(1—e ),

* Of. Eddington, The Mathematical Theory of Relativity, pp. 84, 94.
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and from (8.2), (8.3) and (8.5)

L//_l/r 2 L __ 2
gV Tt =
&9 1 1 1 /
Ao oar L g2 _’_’_= A
5 4lv—|—4v+r eta

Subtracting these equations we get e*(V+ ) = r(a—>b). From this
and (8.7) we obtain

8.9) ey = F(atb)+(1—e),
(8.10) e‘ll' = %(a—Sb)——i—(l—e"l).

Substituting from these equations in the first of (8.8), we get r(a-+b)
+2(1— ¢ /r =0. From (8.9) it follows that » is a constant and from (8.10)
that @ = 0. Hence ¢ = 14 7%/2. From (3.10) we have that the
density o—p is equal to — 3b/2k. Hence b must be negative. If we put

b = —%, r = Rsinyg,
the form (8.1) becomes
(8.11) ds®* = —R*[dx®+sin®x(d6®+sin*0de?)] + di®,
which is Einstein’s cosmological solution; moreover, 60 = —2p = 2/(k R®).

Hence
When a space-time continuum of a perfect fluid admits a linear element
of the form (8.1) and both roots are constant, it is Einstein’s cosmological space.
When a and b are equal, the principal directions are indeterminate and
thus the space cannot be identified with the continuum of a perfect fluid.
The solution of the above equations for this case is

Ay ar®* | ¢
8.12) € —e—1—|—3—|—7_,

where ¢ is a constant. When a = 0, we have the Schwarzschild solution
for empty space, and when ¢ = 0, de Sitter’s cosmological solution.* More-

* Cf. Kottler, Annalen der Physik, vol. 56 (1918), p. 443.
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over, the expressions (8.12) give the most general homogeneous space whose
linear element is reducible to (8.1).

9. Radially symmetric space-time continua of a static perfect
fluid for which the spaces are of constant Riemann curvature.
It is readily shown that when & in (8.1) is given by

9.1) et =1—

the spaces ¢ = const. are of constant Riemann curvature, which is positive,

zero or negative, according as the constant e« is positive, zero or negative;

and this is the most general form of ¢! for ¢ = const. to be of this character.
In this case equation (8.6) reduces to

©.2) Vi =0,

2
I
and
2
I L0 e i 3
2

When »' = 0, we have the case treated in § 8.
If ¥4 0 and « F 0, the general integral of (9.2) is

(9.5) & = bvl——"‘—’”+c,

where b and ¢ are arbitrary constants. Then from (9.3) and (9.4) we have

- .z
i 3bV1——+2c

/ "_ a

- bVl-————+ © bVl———+c ’
16
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and in consequence of (3.10)

B N 3bV1—————+c
o bV1———+c T bV ar? '

From these expressions it follows that ¢— p is equal to 3«/2k, and as
this cannot be negative, @ must be positive. It is readily seen that (9.5)
gives Schwarzschild’s solution for the gravitational field of a sphere of

2
uniform density.* In fact, if we put ¢ = — bVl—E;— , we obtain the

form of this solution given by Eddington.t
We consider finally the case @« = 0. The general integral of (9.2) is

9.6) e = ¢ (r*+ b)Y,
where b and ¢ are arbitrary constants. Then from (9.3) and (9.4) we have

' 6 "__ 2
(4 7+ b’ 4 b’

and in consequence of (3.10)
C = p = m.

If b is a positive constant, we have a distribution of matter throughout
euclidean space without any point of singularity such that p vanishes at
infinity and ¢ — p is zero everywhere, meaning a uniform distribution of
a finite amount of matter throughout the space.}

*Sitzungsberichte der PreuBischen Akademie der Wissenschaften, 1916,
P- 424.

+ Loc. cit., p. 169.

+ Compare these results with the remark at the close of § 7.
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